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ABSTRACT: The collapse kinetics of strongly charged polyelectrolytes in poor solvents is investigated
by Langevin simulations and scaling arguments. We investigate the role of valence z of counterions,
solvent quality, and shape of counterions on the dynamics of collapse. On the basis of the simulations, a
number of results are obtained. (1) The rate of collapse, which is measured using the time dependence of
the radius of gyration of the chain, increases sharply as z increases from 1 to 4. The collapse is particularly
slow for the monovalent case and is observed only when the solvent quality is sufficiently poor. (2) Although
the routes to collapse depend on z and the solvent quality a general collapse mechanism emerges. Upon
quenching to low temperatures, counterions condense rapidly on a diffusion-limited time scale. At
intermediate times metastable pearl-necklace structures form. The clusters merge at longer times with
the largest one growing at the expense of smaller ones which is reminiscent of the Lifshitz-Slyozov growth
mechanism. (3) The structure of the globule is controlled by z and the solvent quality. The combined
system of the collapsed chain and the condensed counterions forms a Wigner crystal when the solvent
quality is not too poor provided z g 2. For very poor solvents the morphology of the collapsed structure
resembles a Wigner glass. These results are used to obtain a valence dependent diagram of states for
strongly charged polyelectrolytes in poor solvents. (4) For a fixed z and quality of the solvent, the efficiency
of collapse decreases dramatically as the size of the counterion increases. The shape of the counterions
also affects the collapse dynamics. Spherical counterions are more efficient condensing agents than an
isovalent cigar-shaped counterions.

1. Introduction

Many biological macromolecules and synthetic poly-
mers are highly charged, thus making the study of
polyelectrolytes important. Cellular processes often take
advantage of shape fluctuations in charged biomolecules
in performing biological functions (transcription, protein
recognition, translocation of proteins across membranes,
etc.). One such example of functional importance involv-
ing the behavior of an isolated biomolecule is the
spectacular phenomenon of reversible condensation of
DNA into toroidal structures in the presence of multi-
valent cations.1 The volume decreases by nearly 4 orders
of magnitude (or greater) upon collapse to a globular
state. One of the key factors affecting DNA condensation
is the fluctuations in the counterions which lead to an
effective attractive interaction between the segments of
the polyanion chain.2-4 It is known from experiments
that counterions with trivalent (or greater) valence are
often required to induce chain collapse.5,6 Another set
of experiments which emphasize the importance of
valence of counterions involves reversible precipitation
of highly charged polyelectrolyte (PE) in aqueous solu-
tions.7 Precipitation requiring contraction of highly
charged flexible polyelectrolyte chain occurs in solution
of polystyrenesulfonate, PSS-, only when counterions
with valence 3 or 4 are added.8,9

In both examples, the collapse of the chain is possible
because of short-range attraction between the mono-
mers that are induced by a number of factors including
the condensation of counterions. The mechanism of
condensation of DNA is dictated by an interplay of
several effects such as bending rigidity,10,11 valence and
size of counterions,12 and hydration forces. Because
intrinsic stiffness is not relevant for flexible PE, it might

seem that the collapse transition is simpler in this
instance than in stiff PE. However, because of the
interplay between the bare electrostatic interactions,
counterion condensation, and the solvent quality, even
the (expected) phase diagram of highly charged flexible
PEs is quite complicated. Simulations13-15 and scaling
arguments16-18 are beginning to provide a picture of the
possible structures that emerge in highly charged
polyelectrolytes in which correlations induced by coun-
terions play a crucial role.13-15,18-22 In fact, all the
relevant transitions are driven by condensation (Man-
ning) of counterions.23

Synthetic and natural macromolecules usually con-
tain hydrophobic moieties (for which water is a poor
solvent), which makes it necessary to consider PE chains
under poor solvent conditions. Because correlations
between counterions are important in describing the
shape of PE chains in poor solvents an analytical
description is difficult. Although there have been some
earlier attempts to understand the structure of charged
macromolecules,24 only recently have systematic inves-
tigations begun. Most attention has focused on the
equilibrium conformations of weakly charged polyelec-
trolytes in poor solvents in the presence of monovalent
cations. The solvent quality is measured with respect
to the neutral polymer. The earliest treatment of the
conformation of a polyelectrolyte chain in poor solvents
is due to Khokhlov.24 He showed, by balancing the
electrostatic contribution and the surface tension con-
tribution to the free energy, that a weakly charged PE
would adopt a cylindrical shape. It has been subse-
quently appreciated that such a conformation is un-
stable to capillary fluctuations which causes the chain
to split into clusters (“pearls”) connected by stretched
strings. Although such pearl-necklace structures were
proposed in other contexts they were argued to be
equilibrium structures for weakly charged PE in poor
solvents by Dobrynin, Rubinstein, and Obukhov.25
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Simulations of weakly charge PE chains26 seem to
confirm the existence of pearl-necklace structures pre-
dicted on the basis of Rayleigh instability.27

It is known that strongly charged PE in poor enough
solvents can undergo coil-globule transition. Currently,
no detailed understanding of the structures of the
collapsed phase of strongly charged PE chains in poor
solvents exist. The notable exception is the work of
Micka et al.14 who have examined the structural proper-
ties of PE chains in the presence of monovalent coun-
terions. Despite its obvious importance, there has been
no study of the dynamics of collapse of PE chains as a
function of a number of possible controlling parameters.
The many variables (solvent quality, valence of the
counterions, and shape and size of counterions) that
control collapse dynamics makes this a complicated
problem. In this paper we provide a description of the
dynamics of the collapse of strongly charged PE in poor
solvents. We focus on the generic mechanisms of col-
lapse of flexible PE and their dependence on the valence
and size of counterions and solvent quality. We consider
polyelectrolyte chains that are highly charged so that
f(lB/b)2 > 1 where f ()1 is the example considered here)
is the fraction of charged monomers and lB ) e2/4πεkBT
is the Bjerrum length, with T being the temperature
and ε is the dielectric constant of the solvent, and b is
the size of the monomers. Since the PE is highly charged
all the effects described here are directly a consequence
of counterion condensation. Here we discuss a number
of novel results from our simulations on the collapse
dynamics of strongly charged PE chains in poor sol-
vents.

The major results of this study, which are obtained
using a combination of Langevin simulations and scal-
ing arguments, are as follows.

(a) Upon quench to poor solvent conditions from
Θ-solvents (for the uncharged backbone), the highly
charged PE undergoes a transition from a coil to a
compact globular conformation. The kinetics depends
dramatically on the valence of the counterion z. For all
range of parameters the slowest kinetics is found for z
) 1, and generally the rate of globule formation in-
creases with z. There are no qualitative differences in
the dynamics of approach to the globular state between
z ) +3 and z ) +4.

(b) There are profound differences in the mechanisms
(controlled by the valence z) of the (equilibrium) globule
formation. For z ) 1 and lB/b > 1, a large fraction (>0.9)
of the condensed counterions and monomers form ion
pairs. The range of the resulting attractive interaction
between the dipoles (arising from ion pairs) is too short,
so that nucleation and propagation of locally condensed
globules is slow. The initial condensation of higher
valence counterions (z g 2) produces conformations that
bear a striking resemblance to pearl-necklace struc-
tures. Such structures are predicted to be equilibrium
states for weakly charged polyelectrolytes in poor
solvents25,26,28 (and polyampholytes29) based on an anal-
ogy to Rayleigh instability in charged droplets.27 The
number of globules in the necklace decreases with
increasing z. Since the final (globular) conformation
involves coarsening of the pearls in the necklace, we find
that the collapse rate increases as z increases.

(c) The morphology of the condensed polyelectrolyte
(the equilibrium structure) depends critically on the
solvent quality. If the solvent is not too poor, then the
conformation of the counterion and the charged polymer

is a Wigner crystal. For z g 2, we find a bcc-like crystal.
When the solvent quality is very poor amorphous
structures (Wigner glasses) are formed. In this regime,
the dynamics is very slow. On the time scales of
observation the ordered structure is not reached. The
boundary between the two, which is obtained using
scaling arguments, is given by |v2|c ≈ b5/2lB

1/2z1/2, where
v2 is the excluded volume parameter which is negative
in poor solvents.

(d) If the quality of the solvent is fixed (for a given
value of |v2|) then the efficiency of chain collapse
depends dramatically on the size of the counterions. The
rate of approach to the globular conformation increases
as the size of the counterion decreases at a fixed value
of z. The shape of the counterions also affects the
collapse dynamics and the structure of the globule.
Trivalent spherical counterions (l ) b) are found to
cause rapid collapse compared to three connected mono-
valent (cigar-shaped, l ) 3b) counterions.

The rest of the paper is organized as follows: The
model and simulation details are given in section II. We
discuss the effects of solvent quality, valence of coun-
terions, and their shape and structure on the collapse
dynamics and on the structure of the globular phase in
section III. We present a phase diagram as a function
of valence in the plane of v2 (specifying solvent quality)
and lB (measuring the electrostatic interaction). In
section IV, we provide a comparison of collapse dynam-
ics of PE chains and homopolymer collapse. A brief
conclusion is given in section V.

2. Model and Simulation Technique

Model. We model the polyelectrolyte as a flexible chain
consisting of N monomers each of which carries a charge of
-1 (measured in units of e). The van der Waals radius of each
monomer is b/2. Successive monomers are connected by an
elastic spring with spring constant 3kBT/b2. This value is large
enough that we do not see significant excursions from the
equilibrium bond distance, b. The valence of the cations (the
counterions) varies from z ) 1 - 4 and their number is
determined by the condition of charge neutrality. The non-
electrostatic interaction between the particles (monomer or
counterions) i and j with radii σi and σj respectively that are
separated by rij is taken to be

where average bond length ro ) (σi + σj). In our model system
we use the Lennard-Jones interaction parameter εLJ to control
the quality of the solvent.The charged particles interact via
the Coulomb potential

where zi and zj are the valence of particles i and j. Solvent
quality is expressed in terms of the second virial coefficient

which is negative for poor solvents. Experimental studies of
polyelectrolytes are often conducted in aqueous solution.
Typically PE chains contain hydrophobic moieties (aromatic
groups in RNA for example) for which water is a poor solvent.
We refer to the solvent as hydrophobic if v2 is negative, and
the strength of hydrophobicity depends on the value of v2.

HLJ(rij)/kBT ) εLJ[(ro

rij
)12

- 2(ro

rij
)6] (1)

HC(rij)/kBT )
lBzizj

r
(2)

v2 ) ∫v
d3r (1 - e-HLJ/kBT) (3)
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For simplicity, the nonelectrostatic potential between the
counterions and the backbone monomer is also taken to have
the standard Lennard-Jones form with the same value of εLJ

as for the monomer-monomer interaction. We have also
verified that our results are qualitatively similar if the
attractive part of the Lennard-Jones interaction between the
monomer and the counterion is neglected. This shows that the
chain collapse described here is mediated by a balance between
renormalization of the electrostatic interactions due to coun-
terion condensation and the effective hydrophobic interaction
between the monomers. A goal of this work is to explore the
plausible scenarios for PE collapse for different strengths of
the hydrophobic interaction.

The chain and the counterions are placed in a truncated
octahedron (Wigner-Seitz cell of bcc) unit cell with the lattice
constant L. The volume of the unit cell is V ) 1/2L3. The long
range nature of the Coulomb interaction is treated by account-
ing for interactions with the image charges in a periodically
replicated system.30 This is achieved using Ewald summation.
The computations were done with N ) 120 (L ) 40σm) or N )
240 (L ) 80σm). Most of the results presented here are for the
latter case so that the monomer density Fm ) N/V ) 9.36 ×
10-4σm

-3, where σm ()b/2) is the radius of the monomer.
Solvent Conditions. For sufficiently large values of εLJ,

the effective interaction between the monomers for the un-
charged polymer chains is attractive. In this situation the
polymer chain will undergo a collapse transition at tempera-
tures less than the Θ temperature. The solvent condition
corresponding to large εLJ values will be considered “hydro-
phobic”. For a fixed chain length N it is necessary to determine
approximately the value of the Θ temperature. At T ) Θ the
attractive and repulsive interactions cancel each other so that
the end-to-end distance RN

2 ∼ N2ν with ν ) 0.5. To obtain the
precise estimate of the Θ temperature, we use the standard
scaling relation

where ∆T ) (Θ - T)/Θ. For a fixed value of RN
2/Nb2, a plot of

εLJ
-1 vs N-1/2 yields a straight line from which we determined

that εLJ,θ
n ) 0.30 ( 0.05 (v2 ) -0.06b3). For the finite chain

size with N ) 240 the effective Θ-temperature corresponds
to εLJ ) 0.5 and v2 ) -1.9b3. We find that the neural chain
undergoes a coil-globule transition (homopolymer collapse)
for values of εLJ g 1.2. For 0.5 < εLJ < 1.2(-1.9b3 < v2 <
-10.3b3) the size of the neutral chain with N ) 240 is less
than that of that found under Θ conditions but is not a compact
globule. We define this regime to be weakly hydrophobic. When
εLJ < 0.5 (v2 < -1.9b3) the neutral chain is under Θ-solvent
conditions. For values of εLJ > 1.2(v2 < -10.3b3), the solvent
is poor enough that the equilibrium conformation of the
neutral chain is a globule. The solvent condition corresponding
to large εLJ > 1.2 values will be considered “hydrophobic”.

A similar way of classifying solvent conditions has been used
before.14 In the polyelectrolyte problem changing the temper-
ature alters the electrostatic interactions even if lB is fixed.
For this reason it proves convenient to vary εLJ (or equivalently
v2) so that the interplay between solvent quality and electro-
static interactions can be studied.

In the presence of charges (especially under conditions when
counterions condense) the effective Θ temperature can be
different from the values reported above. Without presence of
counterions, chains are swollen due to the repulsive interaction
between the charges, which gives a positive electrostatic
contribution to the persistence length. Counterion condensa-
tion increases the value of the Θ temperature from that of the
neutral value. This is because there is an additional attractive
interaction that arises because of softening of the electrostatic
repulsion. The precise estimate of the effective Θ temperature
will depend on the specific system (value of lB, concentration
of the counterions, its valence). For example, at the typical
ion concentration (Fm ) 9.36 × 10-3σm

-3 and lB ) 5.0b) the

chain is swollen for εLJ > 1.2 (poor solvent condition for the
neutral chain) when the counterion is monovalent.

The preceding example shows that the conformation of the
chain is determined by a balance between the effective
hydrophobicity (parametrized in our model by εLJ or equiva-
lently v2) and electrostatic interactions mediated by counte-
rions. For simplicity we use εLJ for the neutral chain to merely
indicate the effective strength of the hydrophobic interactions.
In what follows we systematically investigate the effects of
valence and the strength of the hydrophobic interaction in
determining the morphology of the collapsed structures.

Simulations. To probe the kinetics of collapse we assume
that the chain dynamics is described by the Langevin equation.
The equations of motion are integrated with a step size ∆t )
10-3τ where the unit of time τ ) b2/2D ) b2ú/2kBT, where ú is
the friction coefficient. The positions of the particles are
updated using

where Rn(t) is the position of monomer or counterion n at time
t, Fn(t) is the total force on the particle n due to the other
particle, and η is a Gaussian random force on particle n due
to the presence of solvent. We have carried out simulations
starting from various initial conditions. For each initial
condition the equation of motion was integrated for relatively
long times (typically for ≈300τ). To obtain results with
relatively small errors averages of various quantities are taken
over at least 40 independent trajectories.

Role of Initial Conditions. In most of our simulations we
start from an ensemble of initial conditions which corresponds
to the Θ-solvent for the neutral chain. For N ) 240 this
corresponds to εLJ e 0.5 (v2 ) -1.9b3) for N ) 240. Starting
from these conditions, the temperature is lowered so that
counterion condensation becomes possible. This process ef-
fectively lowers the second virial coefficient so that the Θ
temperature of the chain increases. For this initial conditions
the radius of gyration of the chain initially increases.

We have also tried quench conditions by initially equilibrat-
ing the charged chain at temperatures where there is no
counterion condensation. At such temperatures, the PE chain
is stretched due to the mutual repulsion between the monomer
charges. If a quench from the high temperature to a low
temperature is carried out, the radius of gyration is found to
monotonically decrease with time. We have verified that, after
a transient time (in which the counterion condensation is
complete), neither the collapse mechanism nor the morphology
of the final structures depend on the initial conditions. Thus,
the overall mechanisms for collapse is independent of the
initial conditions. In our simulations hydrodynamic interac-
tions are neglected. For homopolymers Pitard31 has shown that
accounting for hydrodynamic interactions using preaveraged
Oseen tensor does not qualitatively alter the scenario for
collapse. In this article we are interested mainly in exploring
the variations in collapse mechanism in PE chains as a
function of number of characteristics of the counterions. We
expect that qualitative conclusions will remain valid even if
hydrodynamic interactions are taken into account.

3. Results
A. Effect of Valence and Solvent Quality on

Collapse Dynamics. The dynamics of collapse of the
PE chain is determined by a balance between hydro-
phobic interactions and charge renormalized electro-
static potentials. If the electrostatic repulsion is domi-
nant, as would be the case at intermediate temperatures,
then the chain would be in an extended conformation.
At low temperatures such that the Manning parameter
êM ) lB/b > 1/z, counterions condense and the chain
dynamics and structure are determined by a combina-
tion of renormalized electrostatic interactions and the
effective attractions between monomers due to poor

Rn(t + ∆t) ) Rn(t) + 1
ú
Fn∆t + η(t)(∆t)1/2 (5)

RN
2

Nb2
) f(∆TxN) (4)
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solvent conditions. To determine how these effects are
manifested in the kinetics of collapse we consider three
solvent conditions separately.

Near Θ Solvent Condition (v2 < -1.9b3). It is
known that the neutral polymer behaves as an ideal
chain as long as v2 e -b3N-0.5. In our simulations, we
find that for N ) 240, when v2 e -1.9b3 (ε e 0.5 in eq
1), the neutral chain is ideal; i.e., the radius of gyration
Rg ∼ bNν (ν ) 0.5). Thus, in this solvent condition the
collapse, if it occurs at all, can only happen because of
Manning condensation that gives rise to charge-medi-
ated attractions. We used Langevin simulations to
monitor the dynamics of approach to the globular
conformation. The values of v2 ) - 0.06b3 and lB ) 5.0b.
The collapse kinetics is monitored using the time
dependence of 〈Rg(t)〉/Rc (Figure 1a) where Rc is the size
of the compact globule, Rc ) 4.08b. We see that on the
time scale shown (t ) 300τ) in Figure 1a only trivalent
and tetravalent counterions induce globule formation.
The chain is still extended at t ≈ 300τ for monovalent
and divalent cations. The rate of approach to the
globular conformation is larger for z ) 4, and it
decreases as z is decreased. For divalent cations, the
chain collapses at t ≈ 600τ. We expect collapse of the
PE chain to occur for large lB/b > 5 for z ) 1.

The radius of gyration increases initially in the curves
displayed in Figure 1a. This is because the neutral chain
is first equilibrated and then the charges are introduced
with concomitant change in lB. Thus, at very short
times, there is a local expansion of the PE chain on time
scales prior to the diffusion-limited time needed for
counterion condensation. After this occurs, the chain
begins to contract as seen in Figure 1a. If the initial
conditions had been such that the equilibration had
been done with charged chain and then a quench to a
lower temperature been performed then 〈Rg(t)〉 would
decrease monotonically with t. This is indeed the case
for all the simulations. Thus, the morphology of the
chain as well the dynamics of approach to the final

structure is independent (apart from the time in which
counterions condense) of the initial conditions.

The typical conformations of the chain for various
values of z at t ≈ 300τ are displayed in Figure 2. For
comparison we also show the equilibrium structure of
the neutral chain. These snapshots reinforce the conclu-
sions drawn based on the decay dynamics of the chain.

Because the neutral polymer chain is ideal, it follows
that collapse is mediated by counterion condensation.
It is easy to show that upon counterion condensation
the charge on the chain reduces from Nf (f ) 1 in our
example) to Rgk/zlB where k ≈ -ln φ with φ being
approximately the volume fraction of the counterions.
This charge renormalization alone is insufficient to
describe collapse of the chain under Θ-solvent condi-
tions. However, counterion condensation leads to an
additional attraction between monomers that effectively
make the solvent poor. In the case of monomers, the
attraction is due to dipole-dipole interaction between
bound pairs of counterion and the backbone charge (see
below). Because of the counterion-mediated attraction
(the nature of which depends on z) between the mono-
mers the PE chain undergoes a coil-globule transition.
Our results show that multivalent cations are more
efficient in causing such a collapse.

There are two effects of counterion condensation: (i)
The overall charge of the polyanion is greatly reduced.
(ii) Upon counterion condensation there is an effective
attractive attraction which effectively makes the solvent
poor. Because collapse occurs under Θ-solvent condi-
tions, we conclude that it is the latter effect that causes
the transition to a compact globule structure. In the
absence of such an induced attraction, the PE chain
would be extended at intermediate and low tempera-
tures with considerably diminished charge per mono-

Figure 1. Dependence of 〈Rg(t)〉/Rc for various solvent condi-
tions. The values of v2 are -0.06b3 (Θ-solvent), -3.7b3 (weakly
hydrophobic), and -25.8b3 (hydrophobic) for the top, middle,
and bottom panels, respectively. The radius of gyration for
compact globule is Rc ) 4.08b. The numbers on the curves are
the values of the valence of counterions.

Figure 2. Snapshots of the polyelectrolyte chain at t ≈ 300τ
for the three solvent conditions described in Figure 1. For
comparison, the conformation of the neutral chain is also given.
Part a shows that only z ) 3 induces compact globule
formation. Both the neutral chain and the PE chain with z )
2 are extended. There is evidence for local clusters in the PE
chain with z ) 2. These effects are more pronounced for the
weakly hydrophobic case shown in Part b. For the hydrophobic
solvent condition, the chain is collapsed for both divalent and
trivalent counterions. Although the neutral chain forms a
globule the pair correlation function reveals no order as it does
for the counterion-induced condensation.
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mer. The strength and nature of the induced attraction
depends on z. For monovalent ions it is the dipole-
dipole interaction whereas for higher values of z “ion-
bridging” effects become important (see below).

Weakly Hydrophobic Conditions (-1.9b3 e v2 e
-0.3b3). In Figure 1b, the time dependence of 〈Rg(t)〉/
Rc is shown. Under weakly hydrophobic conditions, the
globular conformation is reached for all z g 2 at time
scale t ) 300τ. However, the approach to the globular
form is slowest for z ) 2. This is because the range over
which the effective attraction comes into play is smallest
for z ) 2, and this leads to the relatively slow dynamics.
Under weakly hydrophobic conditions, the neutral chain
is not compact (Figure 2b). Thus, the induced attraction
caused by counterion condensation, which effectively
makes the solvent poorer, enables globule formation.

Hydrophobic Conditions (v2 e -10.3b3). In this
situation, the neutral chain would adopt a compact
globular conformation. Thus, we expect that counterion
condensation would only accelerate the rate of globule
formation. This is indeed the case as can be seen in
Figure 1c. With εLJ ) 2.0 and v2 ) -25.8b3, even
monovalent counterions enable the PE chain to reach
the globular state on the time scale of our simulation.
It is clear from Figure 11 that the neutral chain would
not form a globule for t ≈ 300τ. Thus, the enhancement
in the rate of globule formation is due to induced
attraction resulting from counterion condensation.

Although globule formation occurs readily (especially
for multivalent counterions) at low enough tempera-
tures the structure of the “equilibrium” globule depends
sensitively on the degree of hydrophobicity. A compari-
son of the globular state in the three cases clearly
illustrates this (Figure 2).

The inability of monovalent ions in efficiently induc-
ing chain collapse (on the time scale of simulations) has
prompted us to examine the typical structures at long
times. For εLJ ) 0.3 and 0.7 (the former corresponds to
Θ conditions, and the latter is weakly hydrophobic) we

find evidence for the formation of pearl-necklace struc-
tures. This is consistent with the observations by Micka
et al.14 who have found such structures for N ) 94 even
under more strongly hydrophobic solvent condition (εLJ
) 6.0, lB ) 3.0b) at concentration lower than 2 ×
10-3σ-3. When εLJ ) 2.0, lB ) 5.0b, we find that in
addition to pearl-necklace structures there are also
partially collapsed conformations. This suggests a plau-
sible coexistence between these typical conformations.
Estimates of renormalized second virial coefficient due
to dipole-dipole interaction upon counterion condensa-
tion18 shows that even with the bare v2 ) -0.06b3 (εLJ
) 0.3) the chain is effectively in a poor solvent. These
observations lead us to conclude that in all likelihood
the pearl-necklace structures are metastable and the

Figure 3. Fraction of condensed counterions as a function of time with v2 ) -25.8b3 (εLJ ) 2.0). The time required for fCOND )
0.9 is nearly independent of z. We find that the condensation rate does depend mildly on v2 (data not shown).

Figure 4. Sequence of snapshots in the transition from an
extended conformation to a collapsed state for the PE chain
with z ) 2, v2 ) -15.2b3. These snapshots pictorially confirm
the mechanism for globule formation. At early times (t ≈ 60τ)
local clusters composed of monomers form. These clusters
already appear to have the order seen in the final collapsed
conformation. This suggests a hierarchy of growth of the
globule. At longer times, the clusters merge via a Lifshitz-
Slyozov growth process until the globule is assembled.
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transition to globular state would occur at longer times
at low enough temperatures and (or) at large densities.

B. Three stages of Collapse. Despite the dramatic
variations in the time scale of collapse with respect to
z and solvent quality the approach to the globular
structure can be surmised to occur in roughly three
stages. The initial stage is marked by the condensation
of counterions to the strongly charged polyanion back-
bone. The time scale of condensation τCOND is presum-
ably controlled by diffusion process. In particular τCOND
≈ Fm

-2/3úkBT which for our simulation is approximately
25τ. We calculated the time required for 90% of coun-
terions to condense. The time scales are determined only
by Fm and are approximately independent of z. In Figure
3 we show the number of counterions condensed as a
function of t. We see that the rate is independent of z.
The condensation time scale is diffusion-limited and is
determined by the density of counterions. The fraction
of condensed ions does depend on lB.

After counterion condensation, globular clusters con-
taining both monomers and counterions form. This is
most vividly illustrated in Figure 4 which shows a
sequence of snapshots of the conformations of the PE

chain enroute to the globular state. In the intermediate
time regime τCOND < t < τCLUST, one observes locally
formed clusters connected by strings. By locally, we
mean that the monomers in a given cluster are pre-
dominantly neighbors; i.e., they are not separated by
large distances along the chain contour. At long times
the clusters merge and the largest cluster grows at the
expense of smaller ones. This is very reminiscent of the
Lifshitz-Slyozov growth mechanism.32 The clusters, the
number of which depends on z and v2, are connected by
“strings” giving rise to a pearl-necklace structure. This
process occurs in the time regime τCOND < t < τCLUST.
For t . τCLUST, coarsening of the clusters takes place
until the equilibrium globular structure is formed.33 We
have shown33 using a dynamical variational theory31

that τCOLL ∼ (lB/b)-4/3b2/D. Using simulations it was
shown33 that the merging of clusters occurs by the
Lifshitz-Slyozov32 growth mechanism so that τCOLL ∼
N.

Thus, the counterion-mediated collapse of strongly
charged PE in poor solvents takes place in the stages
and is characterized by the time scales τCOND, τCLUST,
and τCOLL. This general scenario is qualitatively valid
under different solvent conditions. However, the struc-
ture of the globule depends very strongly on the solvent
quality (see below).

In the range of parameters (the monomer density Fm,
temperature, and solvent quality) of our simulation the
pearl-necklace structures are always metastable. How-
ever, we suspect that the low enough densities the pearl-
necklace structures may be thermodynamically stable
equilibrium structures. The simulations of Micka et al.14

show that this is the case.
C. Variations in Collapse Mechanism: Valence

Dependence. Consider the monovalent case, z ) 1.
When the monovalent counterions are condensed they
combine with the charges on the backbone of the
polyanion to form ion pairs. Even though the condensed
counterions are mobile along the polyanion backbone,
we can think of the effect of counterion condensation
as having generated random dipoles of magnitude p ≈
ed where d ≈ b is the distance between the monomer
and the bound ion. Contacts between distinct segments
of the chain can form provided the attractive energy
between the dipoles must exceed kBT. Thus, the range
of (needed for collapse) attractive interactions rt ≈
(lBb2)1/3 < lB. Since the range over which monomers
condense to generate the local globules in the necklace
is relatively small, we expect cluster formation to occur
only on short length scales. This generates a relatively
large number of clusters, and their subsequent merger
(nucleation) to form a fully compact globule is thus
extremely slow. In fact, the dynamics is so slow that
we do not see globule formation with z ) 1 on the time
scales of our simulation.

A very different mechanism emerges when condensa-
tion is induced by multivalent cations. As soon as the
Manning parameter êM ) lB/b > 1/z, some of the ions
are condensed. A counterion can locally neutralize the
negative charge on the monomer, and the resulting
bound species has an effective charge (z - 1)e. Bare
monomer charges that are separated by a large distance
along the contour can be attracted to the positive charge
a process referred to as “ion bridging”. The range over
which such attractive interactions are effective increases
with z (see below). Since the size (and hence the number
of clusters) of the clusters is controlled by the length of

Figure 5. Time dependence of the correlation function c(t)
(see eq 6) probing the range of counterion-mediated contacts
for various values of z. v2 ) -0.06b3. Longer range contacts
leading to ion-bridging develop as z increases.

Figure 6. Probability of forming loops (ion-bridging) as a
function of loop length l at t ) 10τ. This time is shortly after
the electrostatic interaction is turned on. About 70% of
counterions are condensed. This figure clearly shows that
longer loops are formed with greater probability as z increases.
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the contour over which ionbridges form, it follows that
the efficiency of collapse should also increase with z.

An approximate estimate the range of the effective
attraction induced by cations with z g 2 can be made
by considering the fluctuation induced potential between
like-charged particles in the presence of multivalent
cations. Netz and Orland34 have recently shown that
there is a correction to the usual Debye-Hückel poten-
tial in electrolytes. The resulting attractive potential
depends on the ionic strength of the solution. Their

results can be adopted to the PE problem provided we
can neglect the loop entropy of the polymer due to ion-
bridging. The monomers of the PE backbone gives rise
to an attractive potential ∆U ≈ (1 - z2)clB

3e-κr/κr
provided z g 2. Here κ2 ) 4πlB(z2 + 1)c where c is the
concentration of counterions. Because of charge neutral-
ity in our model system there is a finite value for c. With
this form of the potential, it is clear that there is a

Figure 7. Pair correlation function for the combined system of the PE chain (N ) 240) and the counterions (z ) 2) in long time
limit (t ≈ 600τ). The system is quenched to lB ) 5.0b. Top: v2 ) -0.06b3. Bottom: v2 ) -62.34b3. The insets show the correlation
functions between monomers (symbols) and counterions (solid lines). The lack of correlations between counterions is evident.

Figure 8. Valence dependent diagram of states in the (|v2|
and lB

-1) plane for strongly charged PE. The dashed lines
represent the boundary between between stretched and col-
lapsed states and depend on z. The z-dependent solid lines in
the collapsed region separate the Wigner crystal region from
the Wigner “glassy” region.

Figure 9. (a) Time dependence of 〈Rg(t)〉 (N ) 240) for
different sizes of the counterions (z ) 2) for v2 ) - 3.69b3, lB
) 5.0b. The top curve (dotted line) is for R ) 5/7 and the dashed
line is for R ) 2. For comparison, results for the condition R
) 1 are also displayed as solid line. (b) Plot of 〈Rg(t)〉/Rc as a
function of t for different shapes and z of counterions. The top
curve is for spherical monovalent case, the middle is for
connected trivalent counterions, and the bottom curve repre-
sents a spherical counterion with z ) 3. The solvent condition
corresponds to v2 ) -15.2b3 (εLJ ) 1.5).
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negative correction to the bare v2 which decreases as z
increases. This implies that the strength of the induced
attractions upon condensation of counterions increases
with z. The range over with ion bridging occurs can be
estimated by balancing ∆U and kBT and we obtain rt ≈
(z2 - 1)lB

5/2c1/2/(z2 + 1)1/2 in the limit of small c. Because
of the increase of rt with z we expect that the number
of initial clusters in the metastable pearl-necklace
structures must decrease with z and this leads to more
efficient collapse of the PE chain.

The qualitative arguments given above are reflected
in our simulations which show that the number of
globules in the necklace decreases with increasing z.
Thus, higher valence counterions give rise to smaller
number of pearls in the intermediate necklace globule
by forming “ion-bridging” structure. To probe the mech-
anism of cluster formation by bridging segments of the

chain separated by many monomer units (ion-bridging)
due to counterion condensation we have calculated the
time dependence of the correlation function

where H(x) is the Heavyside function. Figure 5 shows
c(t) as a function of t for all z ) 1 - 4 at nearly Θ-solvent
conditions (εLJ ) 0.3). This figure shows that contacts
between monomers that are separated by at least four
bonds occur more rapidly as z increases. Within the
typical error bars in our simulation we find little
difference between z ) 3 and z ) 4. This is because, as
explained earlier, the condensation mechanism in both
cases is similar. This leads to rapid condensation of the
chain as the valence of the counterions becomes larger.

Figure 10. (a) Pair correlation function for spherical counterions whose size is larger than the monomers (σc/σm ) 7/5). (b) Pair
correlation function with connected trivalent counterions. Curves in insets show monomer-monomer (shown in circles) and
counterion-counterion (solid lines) correlation functions. These two curves are superimposable in part b. The value of v2 is the
same as in Figure 9b.

Figure 11. Snapshots as a function of time for homopolymer (neutral chain) collapse with εLJ ) 2.0 which corresponds to
hydrophobic solvent conditions. The formation of clusters and their subsequent merger at later times is evident.

c(t) ) ∑
i<j,|i-j|g5

H(2b - |ri - rj|) (6)
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The general mechanism that leads to cluster forma-
tion occurs as soon as the counterions condense. Since
the condensation process is diffusion-limited it follows
that the different mechanisms as a function of z must
be evident early in the collapse process. To illustrate
this we have calculated the probability of loop formation
as a function of loop length l for various values of z at
a fixed time t ) 10τ. The result, displayed in Figure 6
shows that for both mono and divalent cations only
small loops are likely to form; i.e., the clusters are
“local”. However for z g 3, there is a probability of
forming large loops leading to ion-bridging which ef-
fectively reduces the number of clusters.

In Figure 4, we show snapshots of compact intermedi-
ate pearl necklace structures for z ) 2 at εLJ ) 1.5 (v2
) -15.2b3). These snapshots are in accord with the
general mechanism for multivalent ion condensation
induced collapse of the polyelectrolyte chain. For large
z the number of cluster formed is small, but the sizes of
clusters are bigger at t ≈ τCLUST. Note that the dynamics
are faster with larger valence. It should be noted that
extended necklace globule structures are predicted to
be the equilibrium conformations of weakly charged
polyelectrolytes in the absence of Manning condensation
in poor solvents.25,29 Here we find them as metastable
intermediates enroute to the globular state.

D. Structure of the Collapsed Globules. For z g
2 the equilibrium globular conformation is kinetically
reached at all negative value of v2. However, the
arrangement of the monomers and counterions in the
globular structure depends very critically on the ratio
v2. When |v2| is large enough but not too large (this is
made precise in section E) then the combined system
of counterions and the polyelectrolyte forms a Wigner
Crystal (top panel of Figure 7). As |v2| is increased we
find that the globular polyelectrolyte and counterions
tend to form an amorphous (Wigner glass) like struc-
tures (see bottom panel of Figure 7). It is not clear
whether these are equilibrium glassy structures. Our
simulations indicate that the approach to the ordered
structure is extremely slow when |v2| becomes suf-
ficiently large, i.e., there appears to be manifestations
of glassy dynamics.

The differences in the morphology of the structures
is best seen in the dynamic structure factor g(r) for
relatively good solvents and extremely poor solvents at
long times (t > 350τ). From the top panel in Figure 7,
which shows a plot of the pair distribution function g(r)
for v2 ) -0.06b3, lB ) 5.0b, and z ) 2, we infer that the
combined system of counterions and the polyelectrolyte
forms a Wigner crystal. The formation of a Wigner
crystal is seen by the presence of several peaks in g(r)
at long times (t > 600τ). The analysis of the peak
positions reveals that the ordered structure corresponds
to a bcc lattice. The ordering is considerably fuzzy (see
bottom panel of Figure 7) when the solvent quality is
extremely poor (εLJ ) 3.0(v2 ) -62.34b3)). The resulting
structure is amorphous (Wigner glass). Thus, for v2 )
-62.34b3 the dynamics of approach to the ordered state
is slow.

The formation of Wigner crystal (the structure of the
combined PE chain and condensed counterions) is
superficially similar to the proposed mechanism for
attraction between like charged rodlike polyelectro-
lytes.2,35 Shklovskii,36 extending the proposal by Rouzina
and Bloomfield,12 showed that upon condensation of
multivalent cations onto a negatively charged rodlike

molecules, there develops spatial correlations between
the counterions. This leads to the crystallization of the
counterions and the cohesive (or binding) energy of the
crystals is the source of attraction. For rod molecules
this would imply that the radial distribution function
(or structure factor) of the counterions alone will have
peaks at positions reflecting the structure of the under-
lying lattice. In the case of the collapsed flexible PE we
find that the monomers as well as the counterions are
arranged in a periodic fashion. Just as in the rod
polymers the cohesive energy of the Wigner crystal is
the major driving force for globule formation provided
the strength of the hydrophobicity is not overwhelming.
In the flexible PE collapse case a solid solution (for
example MgCl2 for z ) 2) is a good model for describing
the structure of the globule.

When the solvent hydrophobicity is strong we find
that the globule is a Wigner or ionic glass. Solis and
Olvera de la Cruz37 have argued that such collapsed
structures result because the combined effects of finite
size and chain connectivity lead to defects that do not
anneal for long times. This suggestion is consistent with
our simulations provided the solvent is sufficiently
hydrophobic. Even in this situation the cohesive energy
of the ionic glass is less than the free energy of the
expanded PE chain so that one observes the formation
of globules at low temperatures.

E. Phase Diagram in the (v2, z) Plane. The
observations concerning the structure of the collapsed
globules together with simple scaling arguments can be
used to construct a valence-dependent phase diagram
for strongly charged polyelectrolytes in poor solvents
(second virial coefficient v2 < 0). When counterion
condensation takes place, the decrease in the effective
charge of the polyanion can be computed by equating
the chemical potential of the free and condensed coun-
terions (two-phase approximation). Generalizing the
arguments of Schiessel and Pincus18 to arbitrary z, we
find that the total charge of the polyelectrolyte decreases
from Nf (f ) 1 in our simulation) to Nfh ≈ κL/lB)(1/z)
where κ ≈ -lnφ and is the volume fraction of the free
counterions. The size of the polyelectrolyte is given by
L ≈ κ2b2N/lBz2 provided lB > κ2z-2bN1/2. As the quality
of the solvent decreases to a level such that thermal blob
size êT ≈ b4/|v| < êel ≈ lBz2/κ2 (size of the electrostatic
blob) then the chain condenses to a globule. The bound-
ary dividing the stretched and collapsed conformation
is obtained by equating êel and êT and is given by |v2| ≈
b4κ2/lBz2.

In the globular phase, we find two regimes, one
corresponding to the Wigner crystal and the other a
Wigner glass. The boundary between the two is obtained
by equating the gain in the energy upon condensation
(≈ze2/dε) to the attractive interaction due to the poor
solvent quality (kTv2b-6). This leads to the condition |v|ca
≈ z1/2b5/2lB

1/2. To determine the boundary more precisely
we have to account for the induced attraction between
monomers after counterion condensation. Thus, the
actual determination of the boundary separating the
Wigner crystalline regime and the glassy regime re-
quires equating ze2/dε and kTv2R

2b-6 where v2R is the
renormalized second virial coefficient. This argument
again shows that the shape of the PE chain requires,
in a nontrivial way, the coupling of electrostatic interac-
tions and effects coming from solvent quality. In light
of this, the boundary indicated in Figure 8 should be
regarded as qualitative.

3454 Lee and Thirumalai Macromolecules, Vol. 34, No. 10, 2001



The boundary between the two collapsed phases is
difficult to determine from the simulation because of the
extreme slow dynamics in glassy phase. For the purpose
of illustrating the phase diagram, we assume that the
ionic glass is an equilibrium phase. To validate the
phase diagram, we performed extensive simulations for
all z ()1, 2, 3, 4). The structural conformations are in
qualitative accord with the predicted phase diagram.

F. Effect of Size and Shape. In the discussions so
far, we have assumed that the size of the counterions
is the same as the monomer. Oosawa has argued that
the fraction of condensed counterions is not significantly
changed by altering the size of the counterions provided
the volume fraction of the polyanion is small.38 Since
the correlation between the monomers and counterions
is dependent on the size of the counterions the dynamics
of collapse should be sensitive to R ) σm/σc where σc is
the size of the counterions. We carried out simulations
for R ) 2 and R ) 5/7 with v2 ) -3.69b3 for N ) 240 at
lB ) 5.3b. For R ) 2 we find that the rate of globular
formation in enhanced compared to R ) 1 for z ) 2, 3,
and 4. The difference between the two cases is most
dramatic for z ) 2 (see Figure 9a). For the divalent
cation, globular formation occurs at t ≈ 300τ when R )
1 (see Figure 9a). However, when the size of counterions
is made smaller the PE chain almost reaches the
globular state at t ≈ 150τ. Conversely, when the size of
the counterion is increased the efficiency of collapse
decreases (see Figure 9a). This establishes the impor-
tance of the size of the counterion, and in particular the
correlation between them in determining collapse dy-
namics.

The inverse correlation between the size of the coun-
terion and the efficiency in inducing collapse (at fixed
z) can be qualitatively understood in terms of our
proposed collapse mechanism. In our picture the PE
chain forms metastable pearl-necklace structures when
counterions condense. The dynamics is dictated both by
the precise structure of the clusters and by their
subsequent merger (Lifshitz-Slyozov mechanism). When
the size of the counterions is large, the spatial correla-
tion between the condensed counterions (whose range
is approximately 2σc) becomes greater than b. This
prevents neutralization of all backbone charges on
length scales ≈ 2σc. As a result, there are potentially
several uncompensated charges in the clusters. Such
charges can form ion bridging structures especially
when z g 2. These structures would involve pairing
between unlike charges that are separated by several
σc. In all likelihood these structures would be incompat-
ible with the ordered globule. The rapid initial formation
of such frustrated globules, when (2σc/b > 1) slows down
the dynamics of the collapse of the chain. For R ) 5/7
we find that at t ≈ 300τ is nearly twice as large as the
compact globule (see Figure 10a). Examination of the
conformations suggest that large spatial fluctuations,
which are intrinsically slow, are required for transition
to the ordered globular state. The correlation function
with larger counterions (R ) 5/7 case) is shown in Figure
10a.

The effects of counterion-counterion correlation in
dictating the collapse dynamics also suggests that
counterion shape would be a significant factor in PE
collapse. It is known that in the collapse of DNA (a stiff
chain) CO(NH3)6

3+ (roughly spherical) is a more efficient
condensing agent than the isovalent counterion sper-
midine which is more aptly described as an extended

cigarlike object with three centers at which a +e charge
is localized. To examine the shape of the counterion on
the collapse of flexible PE chains, we considered a
trivalent counterion composed of three monovalent
counterions connected by two springs. The spring con-
stant is taken to be 10kBT/b2. The equilibrium distance
between two successive positive charges is b. Because
of the connectivity, we expect the mobility to be reduced
compared to the isovalent but spherical counterions.
This is reflected in the condensation rate, which is found
to be smaller for the elongated counterion.

The effect of shape on the collapse dynamics was
examined in hydrophobic solvent (εLJ ) 1.5, v2 )
-15.2b3). Under this solvent condition, there is a coil
to globule transition even with monovalent counterions.
However, the dynamics is slow so that we could not
observe the complete transition to the globular confor-
mation even at t ≈ 500τ (Figure 9b). For the connected
trivalent counterions, we expect significantly larger
spatial correlation between the condensed counterions
than for the spherical isovalent counterion. According
to the arguments given above we would expect that
the collapse dynamics is slower for the connected
trivalent counterion than for the spherical counterpart.
This expectation is borne out in our simulations (see
Figure 9b). The difference in efficiency between trivalent
counterions and monovalent ions can be explained in
terms of the difference in z. The structure of the globule
formed in the presence of the connected trivalent
counterion is ordered. The pair correlation function for
the combined PE chain and for the monomers and
counterions are shown in Figure 10b. There are well-
defined peaks whose positions correspond to that ex-
pected for a bcc microcrystallite. Surprisingly, we find
that, in contrast to the situation in Figure 7, the
monomers and counterions are also ordered. The cohe-
sive energy upon globule formation is the driving force
toward globularity.

4. Comparison with Kinetics of Homopolymer
Collapse

Although no complete theory exists for describing all
the features of the better studied problem of the
dynamics of homopolymer collapse, a general scenario
for globule formation in these systems has emerged.
Beginning with the work of de Gennes,16 it has been
known that upon a quench to T < Θ local clusters form
at early times. The clusters are composed of monomers
that are relatively close along the contour of the chain.
At longer times, there is a coarsening of the locally
formed clusters until the globule is reached.

The outlines of the collapse of homopolymers appear
to be similar to the general mechanism for the kinetics
of PE collapse that we have described in this article.
To make a direct comparison we also simulated, by
integrating Langevin equations, homopolymer collapse
with N ) 240 with εLJ ) 2.0. This corresponds to neutral
chain in a hydrophobic solvent (v2 ) -25.8b3). A series
of snapshots in Figure 11 shows the expected picture of
the collapse process. Initially a number of local clusters
form and over time these clusters merge to form the
compact globule. Qualitatively this coarsening is like
the Lifshitz-Slyozov process. However, it has been
suggested that the exponents characterizing the growth
of the clusters are different from that found for PE and
polyampholyte collapse.

Despite the overall similarity39 in the collapse mech-
anism between PE and homopolymers there are some

Macromolecules, Vol. 34, No. 10, 2001 Dynamics of Collapse of Flexible Polyelectrolytes 3455



fundamental differences. (a) The internal structure of
the globular state for homopolymers is fluidlike with
short range order. This is most vividly seen in Figure
12 which shows the monomer-monomer distribution
function for homopolymers in three poor solvent condi-
tions. The peaks are relatively dispersed. The distribu-
tion function for the most ordered globule (εLJ ) 2.0) is
similar to that seen in dense Lennard-Jones fluid. In
contrast the collapsed PE chain along with counterions
is ordered in the Wigner crystalline state. Such ordering
is already evident in the intermediate stages in which
clusters form. Even under conditions in which ionic
glass forms it is evident that there is considerable order
in the collapsed structures compared to the homopoly-
mer. (b) The rate of coarsening of clusters is smaller in
homopolymers than in PE chains because the number
of initial clusters in the latter case is relatively large.
Because the range of attraction (the strength is ≈kBΘ)
between the thermal blobs (size êT ≈ b4/v2) is short many
local clusters form following a quench. The “nucleation”
of the large number of clusters accounts for the slow
dynamics. The reduction in the number of clusters is
achieved in PE by altering a number of factors such as
z, lB, v2, and the shape of the counterions. (c) Perhaps
the most significant difference between the two cases
is that in PE counterions play a profound role in
controlling the collapse kinetics. It is crucial to include
spatial correlation between counterions to describe both
the structural and dynamical properties of PE in poor
solvents. Thus, the physical processes involved in the
generation of the metastable pearl-necklace structures
is very different in PE than in homopolymers.

5. Conclusions

The findings presented here show that a bewildering
range of dynamical behavior is to be expected in the
collapse of strongly charged polyelectrolytes mediated
by counterion condensation. The prediction that the
formation of ordered states Wigner crystal and amor-
phous structure (Wigner glasses) should depend on the
quality of the solvent should be amenable to experi-
mental (neutron or light scattering) tests. Even if the
Wigner glass is metastable our simulation suggest that
the dynamics in the two regions (see Figure 8) covering
the globular states of PE should be dramatically differ-
ent and depend on the valence of the counterions. Our

analysis also suggests that a theory describing collapse
dynamics in polyelectrolytes must take into account the
microscopic correlations between the counterions and
the PE density fluctuation describing the globular
structure. Thus, it is unlikely that a single parameter
such as an effective persistence length (even if it is made
to be dependent on scale) for PE can adequately
represent the kinetics of the collapse process.
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